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Abstract

The Walczak formula is a very nice tool for understanding the geometry of a Riemannian manifold equipped with two orthogonal
complementary distributions. M. Svensson [Holomorphic foliations, harmonic morphisms and the Walczak formula, J. London
Math. Soc. (2) 68 (3) (2003) 781-794] has shown that this formula simplifies to a Bochner-type formula when we are dealing
with Kéhler manifolds and holomorphic (integrable) distributions. We show in this paper that such results have a counterpart in
Sasakian geometry. To this end, we build on a theory of (contact) holomorphicity on almost contact metric manifolds. Some other
applications for (pseudo-)harmonic morphisms on Sasaki manifolds are outlined.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Throughout this paper M, N etc. will be connected, C*° manifolds. All geometric objects considered will also be
smooth.

The analogue of an almost Hermitian structure on odd-dimensional spaces is the almost contact metric structure.
We recall the necessary definitions, cf. [3]:

Definition 1.1. An almost contact structure on a (2n + 1)-dimensional manifold M is a triple (¢, &, n) where ¢ is a
(1, 1) tensor field, £ is a vector field and 7 is a 1-form satisfying the following relations:

P*=—I+1®E nE =1

A manifold M together with an almost contact structure is called an almost contact manifold. & is called the
characteristic vector field.

An almost contact metric structure (¢, €, n, g) is an almost contact structure together with a compatible metric
(which always exists), that is a metric g satisfying:

8@X, ¢9Y) =g(X,Y) —n(X)n(Y).
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If, in addition, n is a contact form (i.e. n A (dn)" # 0) and g is an associated metric (i.e. dn(X,Y) = g(X, ¢Y)),
then our structure is a contact metric structure. In this case & coincides with the Reeb field of the contact form n.
A contact metric structure whose (1,1)-tensor ¢ is normal:

[¢,d1(X,Y) 4+ 2dn(X,Y)s =0 (1.1
is called Sasakian.

Sasakian structures are the analogue of Kihler structures on odd-dimensional manifolds. The Sasakian condition
is equivalent to the integrability of the corresponding almost complex structure on the Riemannian cone over M,
cf. e.g. [4].

The normality equation (1.1) is equivalent to the following one:

(Vx@)Y = g(X, Y)§ —n(¥)X, (1.2)

which makes the analogy with the Kihler case transparent: indeed, it is enough to take in both members of (1.2) the
component tangent to the contact distribution D = Kern, for X, Y € I'(D), and then we obtain a parallelism-type
condition for ¢. This is in fact the transversally Kdhler condition.

An almost contact structure has a natural transversal holomorphic structure, transversality being here understood
with respect to the foliation defined by the characteristic field. In the language of G-structure, this is an H'"-structure,
cf. [16].

The paper is organized as follows. In Section 2 we study invariant (under the action of ¢) distributions on almost
contact manifolds. In Section 3 we study the notion of a holomorphic distribution (in particular, a holomorphic
vector field), which is automatically ¢-invariant. We show how this notion is related to holomorphicity on the cone.
Section 4 is devoted to holomorphicity on normal almost contact manifolds, especially on Sasakian manifolds. Finally,
in Section 5 we apply our theory of holomorphicity to derive results in Riemannian geometry: applications of the
Walczak formula and properties of some particular harmonic morphisms.

2. Invariant distributions on almost contact metric manifolds

In analogy with the definition of a complex distribution on an almost Hermitian manifold we give:

Definition 2.1. Let (M, ¢, &, n, g) be an almost contact metric manifold. A distribution V on M is called invariant if
p(V) S V.

Remark 2.1. 1. D := Ker 5 is an invariant distribution.
2. On an almost contact metric manifold, a distribution V is invariant if and only if its orthogonal complementary
distribution H is also invariant.

The proof follows from the anti-symmetry of ¢. Let X € I'(H), V € I'(V); we have:

gPX, V) = g(@°X, ¢V) + n(@X)n(V) = g(=X + n(X)&, ¢V)
= —g(X, V) + n(X)n(pV) = —g(X, V).

By hypothesis, ¢V € I'(V), so the last term is zero, which implies that ¢ X is orthogonal to V, for every V € I'(V).
This means ¢ X € I'(H).

Note that, unlike in the Hermitian case, an invariant distribution can be even or odd dimension as well. In particular,
the dimensions of two complementary invariant distributions on M2"*! cannot have the same parity.

The position of the characteristic field & with respect to an invariant distribution is subject to some restrictions:

Lemma 2.1. On an almost contact metric manifold with an invariant distribution V, the vector field & must be in
I'(V) orin I'(H), where H = V*.
Moreover, if € € I'(V), then H C D.

Proof. Let £7, £V denote respectively the H and V components of & (the exponent V or H will always indicate
the orthogonal projections onto these distributions). Then 0 = ¢& together with the invariance of H and V implies
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pEM =0, p€Y = 0. But Ker ¢ is one-dimensional and therefore, if £M and &Y were both non-zero, they would be
collinear, a contradiction.
The second statement follows from n(X) = g(X,&) =0, forall X € I'(H). O

On the other hand, the characteristic vector field £ is tangent to any invariant submanifold of a contact metric
manifold (cf. [3, p. 122]), so one expects the same phenomenon to occur for (integrable) invariant distributions. We
have indeed:

Proposition 2.1. On a contact metric manifold M*'+' endowed with an invariant distribution V any of the following
conditions implies § € I'(V):
1) dim(V) =2k + 1, k <n;
(ii) V is integrable.
In particular, an integrable invariant distribution must be odd-dimensional.

Proof. (i) By Lemma 2.1, it is enough to prove that & is not in I'(H).

If & € I'(H), then H admits (local) frames of the type {&, X;, ¢(X;)}, so it is odd-dimensional, like V, a
contradiction.

(ii) Suppose that & € I'(H). Then, from Lemma 2.1, V € D, where D is the contact distribution. So, for any
V,W e I'(V), we have

1 1
gV, oW) =dn(V,W) = 3 V(W) — Wn(V) —n([V, WD] = —En([V, W] =0,

the last equality being a consequence of the integrability of V. We conclude that ¢ W is orthogonal to V, a
contradiction. Hence & cannot be in I'(H{). As Lemma 2.1 shows also that £ cannot be a “mixed” sum either, the
proof is complete.

(Note that we have not used all the contact structure information, but only that g is an associated metric.) [

Example 2.1. On R?"*! with the standard contact metric structure, the distribution Vi (k < n) locally spanned by

a a ] N
Xi=2—, Xpri=2(—+y— and possibly &€ (i = 1,k)
ay! ox! 9z

is an invariant distribution of dimension 2k, or 2k + 1 if it contains &.

For further use we next prove a relation between the Lie derivative and the covariant derivative of the tensor ¢,
similar to the relation (3.1) in [14]. The following relation is easily derived:

8(VpzX, V) =g(X, (Lvp — Vv)Z) — g(X, pVZV).

Using here the anti-symmetry of ¢, the fact that V is a metric connection and also g(¢ X, V) = 0 (because H is an
invariant distribution), we prove:

Proposition 2.2. Let (M, ¢,&,n, g) be an almost contact metric manifold and V an invariant distribution with
orthogonal complement 'H. For any section X of 'H and any vector field V tangent to V, we have:

g(VpzX +VzoX, V) =g(X,(Lyp —Vy$)Z), VZeI(TM). (2.1)
We recall here that the second fundamental form BY and the integrability tensor [ V. of V, are defined by:
1
BY(V,W) = 5 (W + vwW, Vv, wy=[v,wi®, V,WeTI©).
As for the distribution D, which is invariant, we have:

Remark 2.2. On a contact metric manifold,
BP(Xx,¢Y) = BP(¢X,Y), VX,Y e I'(D).

In particular, D is a minimal distribution. If, in addition, the manifold is K-contact, then D is a totally geodesic
distribution.



196 V. Brinzdnescu, R. Slobodeanu / Journal of Geometry and Physics 57 (2006) 193-207

Proof. A result of Olszak [13] states that on a contact metric manifold, we have:

(Vx®) Y + (Vgx9) ¢Y = 2¢(X, Y)§ — n(Y)(X + hX + n(X)§). (22
In particular, if X, Y € I'(D), the above relation becomes:

VxoY — opVxY — VyxY — dpVyxopY =2g(X, Y)§.
Interchanging X and Y, we obtain a similar relation which, subtracted from the one above, gives:

Vx@Y + Vyy X — (VpxY + Vy¢X) = ¢([X, Y] + [¢X, Y ]).

Taking only the component collinear with £, we get the stated relation for the second fundamental form of D. This
implies also BD(¢>X, ¢Y) = —BD(X, Y) that assures trace BP =0 (i.e. D is minimal).

If, in addition, the manifold is K-contact, & is Killing, so the induced foliation F¢ is Riemannian, which is
equivalent to the fact that the orthogonal distribution D is totally geodesic. O

The Sasaki condition imposes further restrictions on B:

Proposition 2.3. Let (M, ¢, &, 1, g) be a Sasaki manifold endowed with an invariant distribution V which contains
&. Let 'H be the orthogonal complement of V. Then the following relations hold:

2 (BV(U, V) —¢BY(U, V)) =Y (U, V) —1Y(U,$V), VYU,V e V). (2.3)
In particular:
28V, &) + 1YW §) =0 BY@U.§ =¢(BW.9). YUeIW).

Proof. Note that &€ € I'(V) implies H C D. The result now follows from the definitions and the Sasaki condition:
VyoV =¢VyV +gU, V)§E —n(V)U.

For the second assertion, put V = £ in formula (2.3) and for the last one, take into account the fact that on a Sasaki
manifold we have (Le)X =0. O

If V is integrable, we recover the formulas for invariant submanifolds stated in [18, p. 49]:

Corollary 2.1. If N is an invariant submanifold of a Sasaki manifold M, then:

(i) B(X,§) =0,
(i) B(X,¢Y) = B(¢X,Y) = ¢B(X, Y) for any vector field X tangent to N (here B denotes the second fundamental
form of the submanifold).

3. Infinitesimal holomorphicity on normal almost contact manifolds

3.1. Definitions and first properties

Definition 3.1. Let (M, ¢, &, n) be a normal almost contact manifold. A (local) vector field X on M is called contact-
holomorphic if

(Lxp)Y =n (X, ¢YDE, VY e I'(TM). (3.1

A distribution V on M is called contact-holomorphic if it admits, around every point, a local frame consisting of
contact-holomorphic vector fields.

When the context does not impose distinctions, we shall simply write holomorphic instead of contact-holomorphic.

Holomorphicity of X means collinearity of (Lx¢)Y with &: the particular form of the coefficient of &, generally
denoted by ax (Y), results from this collinearity condition.

The next result shows the ¢-invariance of the above defined holomorphicity (unlike the usual property
(Lx$)Y =0):
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Lemma 3.1. Let X be a holomorphic vector field on a normal almost contact metric manifold. Then ¢pX is also
holomorphic. In particular, a holomorphic distribution is necessarily invariant.

Proof. An explicit formula for the Lie derivative of ¢ with respect to ¢ X is provided by the following reformulation
of the Eq. (1.1):

(LoxP)Y = d(LxP)Y —2dn(X, Y)§.
Hence, if X holomorphic, then the above equation gives us:
(LoxP)Y = —2dn(X, Y)§.

We now verify that the coefficient of & is the same as the one predicted by the definition. Recall that ax(Y) =
n ([X, ¢Y]), so we have to show that:

apx(Y) =n (X, $Y]) = —2dy(X. Y).
But the normality of ¢ assures that
N? =0& n(pX. Y1+ [X. ¢Y]) = ¢X (n(Y)) — Y (n(X)).
In the above relation we replace Y with ¢Y and we obtain:
(X, Y] — [X, Y1+ n(V)[X. E] + X ((Y)E) = ¥ (n(X)) — n(Y)EM (X)),

which reduces to

n(¢X, oY)+ X(n(Y)) —Y(n(X)) — n((X, Y] = —n(¥)(EMX)) — n(§, X1).
Finally we use N @ .= (Len)X = 0to derive
n(¢X,¢Y]) = -2dn(X,Y). O

Remark 3.1. (i) From the above proof we obtain an alternative expression for the collinearity factor o x:
ax(Y) =—n([¢X, Y] + X (n(Y)) — ¢Y (n(X)).

(i) ax(§) = O for any holomorphic vector field X. This implies that [X, £] must be collinear with & (or,
equivalently, [X D_g] = 0). In other words, X is projectable with respect to the foliation F¢ locally generated by
&.

(iii) ag (Y) = 0O for any vector field Y. Indeed, the normality of ¢ implies N A = (Lep)Y = 0, so that & is
holomorphic.

(iv) X is holomorphic if and only if [X, £] is collinear with £ and ((£X¢)Y)D =0,VY € I'D). If M is
Sasakian, these properties define the transversally holomorphic fields, introduced by Nishikawa and Tondeur in [12],
for manifolds endowed with a Kéhler foliation.

Proposition 3.1. On a normal almost contact manifold, the set hol(M) of holomorphic vector fields is a Lie
subalgebra of I'(T M).

Proof. Let X and X’ be holomorphic vector fields. Then:

(Lix,x19)Y = (Lx. Lx1d) Y = Lx (Lxd)Y — Ly (LxP) Y
= [X. (Lxd)Y]— (Lxd) (X, Y] — [X', (Lxd)Y ]+ (Lxd) (X, Y]).
Using the fact that X and X’ are holomorphic and the remark that [X, £] must be collinear with & in this case, we

easily obtain that the projection on D of the above expression is zero. Hence [X, X'] is also holomorphic. [

On closed Sasakian manifolds with constant transversal scalar curvature, the structure of hol(M) is established in
analogy with the Kihler case, cf. [12].
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Example 3.1. On R?"*! with the standard contact metric structure, take an arbitrary vector field written in an adapted
frame as

where summation is taken with i = 1, n. Note that 8 and '/ are the coefficients of % and of 3%,- respectively. Then

X is holomorphic if and only if, for any i = 1,n, B' and y' satisfy the Cauchy—Riemann equations in the variables
x7/, y/ and are constant in z:
gt oy’ 9Bt 9y

= _ = . j=1,n,
ox/ ayt ay’ dxJ J

apt oyl
ﬁzlzo_
9z 0z

The Corollary 3.3 below shows that the above description of holomorphic vector fields is not an exceptional one.

As in the complex case (see [11], p. 30) we can express the contact-holomorphicity by the vanishing of some -
operator. In this case  : I'(T M) —> End(T M) satisfies the Leibniz rule and is expressed as follows with respect to
Levi-Civita connection:

- 1
0X(Y) = 5¢ (Vv X +¢Vor X —(Vx§)Y).

One can verify that a vector field X is contact-holomorphic if and only if dX (Y) = 0, for all Y. Equivalently,
this means the projectability of X and the vanishing on X P of a standard (transversal) d-operator appropriate to D

as TL]-}. Explicitly: aPx(y) = % (V},)X + ¢V;)YX — ¢(V?¢)Y), for all Y € I'(D), where VP is the adapted
connection in D in the sense of Tondeur [17]. Therefore we are dealing with a transversal, projectable notion of
holomorphicity for vector fields on M regarded as a foliated manifold (with the foliation F¢).

In the Sasaki case, the above formula reduces to:

_ 1 _
X (V)= 3¢ (VyX + ¢VyrX), forY e I'(D)and 3X (&) = ¢ ([£, X]).

3.2. The holomorphicity condition seen on the cone

Recall that the cone C(M) over an almost contact manifold (M1, ¢, &, ) is M>**1 x R with an almost complex
structure defined by:

d d
J (X, f&) = <¢X - /&, ”(X)E>'

We point out that the above formula fits the well-known construction of an almost contact structure on orientable
hypersurfaces of almost complex manifolds (if we take the standard immersion of M into the cone C(M) att = 1).
For details, see [3, Example 4.5.2].

Proposition 3.2. Let (M, ¢, &, 1, g) be a normal almost contact metric manifold. As a vector field on the cone over
M, (X, f%) is holomorphic if and only if, for any Y € I'(T M), the following relations are satisfied:
(i) (Lx)Y =Y (f)E; ;
(i) X(n(¥)) —n (X, YD) —oY(f) — n(Y)d—{ =0
(i) [X. £+ §& =0,
(iv) §(f) =0.

Hence, if (X, f %) is holomorphic on the cone, then X is a contact-holomorphic vector field on M. Moreover, we
have the following implications:

“G) A (i) = () and “(0) = (v)".
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Proof. One can derive by straightforward computations the following formulas:

d
(Loxsg)9) (1.0 = ((z:xcp)Y ~Y (g, <Xn(Y) — (X YD) - ¢Y(f) ~ n(Y)—f) —)

dr
d df
(org?) (0, 5) = (—[X,E] — E,é(f)5> .

As the holomorphicity of (X, f %) is equivalent to the vanishing of both expressions above, the result follows.

Let us prove the second assertion.

The implication “(i) A (iii) = (ii)” is derived by applying (i) to ¢Y instead of Y. We obtain ax (¢Y) = ¢Y (f) =
Xn(Y) —n (X, Y1) — n(Y)n([&, X1). But from (iii) we have n ([, X]) = %L, so the relation (ii) follows.

In order to get “(i) = (iv)”, put Y = & in (i): (Lx¢)E = E(f)E. But, as X is holomorphic on M, we have already
noticed that (Lx¢)& = 0 (i.e. ax(§) = 0), so our implication follows. O

Corollary 3.1. The contact-holomorphic vector fields on M, which come by projection of the holomorphic fields on
C(M), form a Lie subalgebra of hol(M), denoted by hol,.(M). They are contact-holomorphic fields X with two
additional properties:

(a) The 1-form ax is exact: there exists a function f on M such that
Y(f) =nX,9Y]D, VYel(TM).
(b) n([X, &)) is (locally) constant (i.e. the factor of collinearity between [ X, €] and & is constant).

Proof. We have seen that, in order to be holomorphic on the cone, a vector field must satisfy only (i) and (iii).

From condition (i) we obtain (a). From (iii), it follows that f = n([&, X]), so f is a linear function in z:

f(p,t) =n(&, XDt + F(p), p € M. In order to verify the equatlon in (a), such a function must have the coefficient
n([X, &]) (locally) constant, that is (b) holds.
Conversely, if X is a contact-holomorphic vector field on M, which satisfies in addition (a) and (b), then

(X, (&, XD + f)%) is holomorphic on C(M).

In order to see that hol,, (M) is a Lie subalgebra, it is enough to note that, on the cone, the holomorphic vector
fields form a Lie algebra and that the following relation holds:

d d d d d
(xrg) (xeg)] = (21 (o - ¥+ sg -5 ) ).

Remark 3.2. The subalgebra, hol,,. (M) contains all vector fields along which ¢ is invariant: Lx¢ = 0.

The nature of the constraints (a) and (b) becomes very clear when expressed in local coordinates for the case of
R2n+l:
Example 3.2. On R¥"*! with the standard contact metric structure, let X = o-2 az + gL o T y! 3 — be a holomorphic

vector field.
Then X € hol pr (RZ"H) if and only if, in addition, the coefficient « takes the form: « = Cz + H(x;, y;), where H
is a harmonic function and C € R.

Remark 3.3. The relation between contact-holomorphicity on the Sasaki manifolds and holomorphicity on its Kdhler
cone can also be obtained using the relations between the Levi-Civita connections on M and C(M), and V V,
respectively (for the details, see [4]). Identifying X on M with (X, 0) on the cone, one can prove the following
formula:

(LxNY = (LxP)Y — [X(rn(Y)) + rn([X, YD]0:. (3.2)
Indeed, we have the following sequence of identities (where ¥ := rd, is the Euler field on the cone):

(Lx])Y =VxJY —JVxY — Vv X + JVy X

= Vx(@Y —n(Y)¥) — J(VxY — rg(X, Y)3,) — Voy_yrywX + J(Vy X —rg(¥, X)d,)
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= Vx¢Y = XYW — n(Y)Vx ¥ — JVxY = Vey X + Vyryu X + JVy X

= Vx¢Y —rg(X, ¢Y)o, — X(n(Y) ¥ — n(¥) [X(r)&, + V%X}
—d(VxY) +n(VxY)¥ — Vyy X +rg(X, ¢Y)o, + n(V)X + ¢(Vy X) —n(VyX) V.

This in turn implies formula (3.2).

Corollary 3.2. On a normal almost contact metric manifold (M, ¢, &, n, g) we have:

(1) aé& is a contact-holomorphic vector field, for any function a defined on M (so a& € hol(M), but it is not necessarily
the case that a§ € hol,.(M));

>i) (¢, c%) is a holomorphic vector field on the cone if and only if c is a constant.

Proof. (i) A consequence of normality of ¢ (see [3]) is that (L¢¢)Y = 0. Now, it is an easy task to compute
(Lagd)Y = a(Led)Y — @Y (a)é and to notice that e (Y) = —@Y (a)&, so the assertion is proved.
(ii) The argument is obvious. O

3.3. Holomorphicity on Sasakian manifolds

Recall that on a Riemannian manifold, an arbitrary vector field V induces a derivation Ay (a tensor field of type
(1, 1)), defined by: Ay (X) := Vx V. In the complex case, Ay is J-linear if and only if V is holomorphic. In our case
something similar is happening:

Proposition 3.3. On a Sasaki manifold (M 2n+1 o,&,1n,8) we have:
(1) V is holomorphic if and only if
(Ayop —@poAy) (X) iscollinear with&, forall X € I'(D)

and also if: vD = @ VeV (which is equivalent to: [ X, &] collinear with & ).

(i) If M** is compact and regular and X is a contact-holomorphic vector field on M*t' then m,X is
holomorphic, where w : M*1' —s M?" represents the Boothby—Wang fibration. Conversely, the horizontal
lift of any holomorphic vector field on M*" is a contact-holomorphic vector field on M?"*1.

In particular, the contact distribution on such a Sasaki manifold is holomorphic.
Proof. (i) Using the Sasaki condition (1.2) and assuming (3.1) (V is holomorphic), we derive:
VoxV =¢VxV —n(X)V + (g(V, X) —n([V, ¢X])§.

From this, the stated collinearity follows immediately.

Conversely, we can verify that n (V¢x V) = g(V,X) — n(IV, ¢X]) and thereafter we can conduct the same
calculation backwards to obtain the holomorphicity condition (3.1).

(i1) As a direct consequence of the fact that the Boothby—Wang fibration is a Riemannian submersion and satisfies
also ¢ X = Jm, X, one gets the relation

(‘Cn*XJ)T[*Y S 77*(£X¢)Ys

for all projectable vector fields X, ¥. Note also that (horizontal) contact-holomorphic vector fields on M2+ are, by
definition, projectable ([ X D &] = 0). The result now follows, as & spans Kerm,. [

A source of examples of holomorphic vector fields is the following:

Proposition 3.4. Let (M, ¢, &, n, g) be a contact metric manifold. Then any two of the following conditions imply the
third one:

(@) (Lxg)(Y,Z) =0, VY,Z € I'(D),
(i) ixdn is a closed form,
(iil) X is a holomorphic vector field.



V. Brinzdnescu, R. Slobodeanu / Journal of Geometry and Physics 57 (2006) 193-207 201

Moreover, a vector field X on M is a Killing vector field, which commutes with & if and only if X is a holomorphic
vector field which is also a strict infinitesimal contact transformation (i.e. Lxn =0).

Proof. The first assertion is a consequence of the following relation:
(Lx8) (Y, 9Z) = (Lxdn) (Y, Z) — g(Y, (Lx$)Z).
For the second assertion we apply the results obtained by Tanno in [16, Th. 3.1 and Prop. 3.6], because the holomorphic

vector fields which are also strict infinitesimal contact transformations are precisely those for which Lx¢ = 0. O

Remark 3.4. The first assertion in the above proposition can be reformulated in the following terms, adequate to the
foliated structure of the contact metric manifold M:

a contact-holomorphic vector field with zero transversal divergence is a transversal Killing vector field.

Clearly, this is a similar result to the “if”” part of the Bochner—Yano theorem in the Kéhler case, cited in [9, p. 93]. The
converse is also true on closed Sasakian manifolds, cf. [12].

We recall (in Tondeur’s notation, see [17]) that transversal divergence of an infinitesimal automorphism of a
foliation is defined by the relation ©(X)vol = divp X - vol, where vol is a holonomy invariant transversal volume
(vol = dn", in our case).

The following analogy with the complex case will be very helpful for local considerations:

Proposition 3.5. On a normal almost contact metric manifold M*'*! there always exist (local) adapted frames
consisting of contact-holomorphic vector fields.

Proof. Note first that on the cone over M the vector fields (¢, 0) and (0, %) are (real) holomorphic. Moreover, by

construction, <i§, %) e TCC(M)isa holomorphic vector field on the complexified tangent space of the cone.
But in our hypothesis, C(M) is a complex manifold so its tangent bundle is holomorphic and then admits local
frames of complex holomorphic sections. We can always complete (ié, %) to such a frame.

Let {(Xj, fj%) —1iJ (Xj, fi éi—l) | j = ﬁ} be such a local completion.

We want to prove that {£, X/.D, ng? | j = 1,n} is an independent family, so it represents a local adapted
frame for M, consisting of contact-holomorphic vector fields. Observe that (X I3 fj%) —iJ (X js ﬁ%) =
(X, —i6X; +ifE. (fj — X)),

Let us now verify that {XJD — iqbX? | j = ﬁ} forms an independent family over C, consisting of complex

holomorphic fields. (In the following, the Einstein convention will be used.) Suppose A/ (X ]D —ipX jD) = 0. Then we
have successively:

Y, (X}’ —ipxP, 0) —0,

M (X; —ipX; — n(X;)E,0) =0,

M(X; —ipX; +ifi€.0) — A (G f; +n(X,))E. 0) =0,

(=10 g8, —inG 3 ) =0 (06, —inxp ) =0
and finally

, d d : d
A [(X, fja> —iJ (xj, fjaﬂ = (f; —in(X))) (ig, E) =0

But this is a linear combination of the vectors that form the complex holomorphic frame on the cone. Therefore,
Al =0forall j =1,n. L
Now a simple trick will give us the linear independence over R of the family {X ?, oX JD | j=1,n}.
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Suppose thatan?+,3j¢X? = 0. Then —,BJX})+aj¢X}7 = 0. Together, these relations give anjD—i-,quﬁXjD—
i(—ﬁfx}’ + aqux}’) = 0 which is equivalent to (a/ + iﬂf)(XjD — i¢Xj?) =0, and hence (a/ +if/) =0 = o/ =
J = 0, the relation we wanted to prove.
The argument that £ is transversal to D completes the proof. O

A direct computation proves:

Corollary 3.3. On a normal almost contact manifold, let {&, E;, @E;} be a (local) adapted frame consisting of
contact-holomorphic vector fields. Then a vector field X = af + B'E; + y'QE; is holomorphic if and only if,
foralli = 1,n, B' and y' satisfy the generalized Cauchy—Riemann equations:

Ej(B)) = ¢E;(y), E;j(y))=—¢E;(B). j=Tn
and are constant along the flow of & (i.e. £(B') = £(y') =0).

3.4. The flow of a contact-holomorphic vector field

Definition 3.2. A map ¥ : (M,¢,&,1n,8) — (M',¢',&", 1, g’) between almost contact manifolds is called
contact-holomorphic if

dyop(X) — ¢ ody(X) iscollinear with &', VX e I'(TM).

As before, the word contact in the above notion will be omitted when no confusion is possible.

Remark 3.5. If v is holomorphic, then d+/ (§) must be collinear with &’. To see this, put X = £ in the formula of the
above definition.

In particular, the contact-holomorphic maps between normal almost contact manifolds are transversally
holomorphic as maps between foliated manifolds with transversally holomorphic foliations, according to [2] (i.e. wpro
dy|p is holomorphic in the usual sense, that is (mpr o d¥/|p) o ¢|p = ¢'|p o (;wpr o d¥|p), where mp stands for
the orthogonal projection on the corresponding distribution).

Proposition 3.6. The flow of a contact-holomorphic vector field on a normal almost contact manifold M consists of
contact-holomorphic transformations on M.

Proof. Observe first that the flow of a holomorphic vector field (X  f ;—l) on M x R decomposes as follows:

Uy = (Y5, ¥!), where ¥ can be regarded as the flow of X on M and ¢! : M x R — R, s € I satisfies

the differential equation: d(;/; L f (g, ¥l). But we know that if (X , f %) is holomorphic on the cone (which is a

complex manifold in this case), then its flow ¥; must be a holomorphic transformation on the cone. We then have
successively:

d d
dU,oJ |Y,h— | =JodWU, (Y, h— ),
dt dr
oyl d

d
d ¥y (¢Y — hé, "(Y)a) =J (dt/fs(Y), dys(¥) +h— 5) ,

(d (@Y — h§), dY(PY — h§) (Y)awsfi)
V(@Y — hE), dirs (@Y — hé) +n(¥) = —
A

at

d
= <¢(d1ﬁs(Y))— [Y(lﬁﬁ)+h }S,n(dlﬂs(Y))a>,

0 t
Ay (pY) — ¢ (dys(Y)) = hd s (§) — [Y(lﬂsl) + h%} 3

and

Iy

Y (Y!) — hE(WYD) + n(Y) pr

= n(dys(Y)).
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But these two relations must hold also for ¥ = 0, that is: di5(§) = a(,;pt;é and £(y!) = 0. So the above relations
reduces to

dyrs(9Y) — ¢(drs (V) = =Y (Y))E.

Taking into account that & () = 0, the last equation implies, for Y = &, that dvs(§) is collinear with §.
All in all, for the flow of X we have obtained precisely the condition of being a contact-holomorphic transformation.
Moreover we can see what, geometrically, the factor of collinearity with £ means. O

Remark 3.6. A contact-holomorphic map between Sasakian manifolds is transversally harmonic and an absolute
minimum for the energy E7 in its foliated homotopy class, according to [2] (see also [10]).

3.5. The G-structures viewpoint

At the end of this section we shall stress the connection between a certain G-structure of almost contact manifolds
and the contact-holomorphicity, which we have been discussing until now (for general definitions, see [9]).

The existence of an almost contact (metric) structure on a manifold M>"*! is equivalent to the existence of a
(U(n) x 1)-structure which clearly is not integrable (even when ¢ is normal). The normality of ¢ reflects in the
integrability of another G-structure of M>"*!, namely the H'-"-structure, called also the transversal holomorphic
structure (for notation and details, see [6]). The infinitesimal automorphisms of the H"-structure are precisely the
contact-holomorphic vector fields that we have dealt with, so far. In a system of (local) distinguished coordinates
(u, 7/, 77), these vector fields take the form

by, _

.9 N — . .0 ab
X=a(u,z,7)— +bp(u,z’ . 7)) — + by (u,z’ . 7)) —, where —~ =0 and =0.
du dzk 07 7/

07 u

If, in addition, M?"*! is contact, passing from these coordinates to Darboux coordinates will not respect the H'"-
structure, so the distinguished coordinates and above local expression for X will be not at all suited for the study of
strict contact geometric properties of M1,

4. Complex holomorphicity on normal almost contact manifolds

In this section we stress the notion of holomorphic vector field in the complex context. If (M, ¢, &, n, g) is a normal
almost contact metric manifold, then the complexified tangent bundle admits a natural split:

TM=1'MeT"OMeT" M,
where T0OM = (X —igpX | X € I'(D)}, TOVM = TAOM and T°M = Spc{€)} are the eigenspaces of ¢

corresponding to the eigenvalues i, —i and 0.

Definition 4.1. On an almost contact manifold (M, ¢, &, ), a smooth function f : M — C will be called
holomorphic ifdf o¢p =1-df.

Proposition 4.1. Let f : M —> C be a smooth function on a normal almost contact manifold M. Then the following
statements are equivalent:
(1) f is holomorphic,
(i) Z(f) =0, forall Z e T°'M @ TOD M,
(iii) df € Ag’O)M, where Ag’O)M comes from the natural splitting of the complexification of the sheaf of basic
1-forms on M: /1119 QC= Ag,O) @ Ag)’]), cf 5]
In addition, if ¥ : M — M is a holomorphic map, then f o is a holomorphic function on M.

Proof. In order to prove “(i) < (ii)”, we have simply to remark that df (§) = 0 (so £(f) = 0) and then the rest of the
proof will be similar to the complex case:

df (@X) =idf(X) & idf (X +i¢pX) =0 < (X +ipX)(f) =0, VX e I'(TM).
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In the proof of “(i) <> (iii)” it suffices to verify that df is a basic 1-form. We have already seen that df (§) = 0. It
remains to compute:

(Ledf)(X) =&df (X)) —df([&, X]) =EX(f) — [, XI(f) = X(E(f) =0.
For the last assertion, we have to do a simple verification:

d(foy)(@X) =df(dy (X)) =df (@dy(X)) +aé) = df (@dy (X)) =idf(dy(X)). O

Definition 4.2. On a normal almost contact metric manifold M, Z € T'M & TU-9YM will be called complex
holomorphic if Z( f) is holomorphic for any (local) holomorphic function f on M.

Proposition 4.2. Z = a& + X —ipX € T'M & 71O M is complex holomorphic if and only if X is holomorphic (in
the expression for Z, a is a complex valued function and X € I'(D)).

Proof. Let Z = a& + X — i¢ X be a complex holomorphic vector field and f a holomorphic function on M. We have
seen that (X +i1¢X)(f) = 0,50 Z(f) = (X —ipX)(f) = 2X (f) must be a holomorphic function. This means also
that: (Y +i9pY)(X(f)) =0,VY e TM.

From all this we can deduce that: [Y 4 i¢Y, X](f) = O (for an arbitrary holomorphic function f), which in turn
implies: [Y +i¢Y, X1 e T'M @ TOD M.

But, for any W = a€é + Y +ipY € T'M & TODM, we have: Im(W)P = ¢Re(W)P). In our case,
Im ([Y +i¢Y, X]) = [¢Y, X] and Re ([Y 4+ i¢Y, X]) = [Y, X]. So we must have:

[0, X1P = ¢(1Y, X1P) & (Lx$)V)P =0

and this means that X is holomorphic.

Conversely, let X be a holomorphic vector field and f a holomorphic function. We have to show that Z(f) = (a§ +
X —i¢pX)(f) is a holomorphic function too. But Z(f) = (X—i¢ X)(f) = 2X(f), because £(f) = (X+ipX)(f) =0,
f being holomorphic. According to Proposition 4.1, X (f) is holomorphic if and only if (b€ + Y +ipY)(X(f)) =0,
for any b complex valued function and Y € I'(D). In turn, this is equivalent to [b€ + Y + i¢Y, X](f) = 0 which is
assured by [b& + Y +i¢Y, X] € T'M @ T M (due to the holomorphicity of X). [

Analogously to the complex case, we have also:

Proposition 4.3. On a normal almost contact metric manifold, TM @ TCYOM and TOM & TO-V M are integrable
subbundles of TCM, invariant along the flow of a holomorphic vector field X.

Proof. We have to prove that [a& + X —i¢pX, b +Y —ipY] € TOM @ T M.
A well known result of Ianug [7] tells us that, in this case, T1L9 M is involutive. So it remains to prove that
(X —ipX, b1 e T'M o THO M.
Taking into account that L¢¢p = 0 (i.e. [, ¢ X] = ¢[&, X], VX), we have:
[X —ipX, bE] = (X —i9pX)(D)E + b([X, §] — il X, §])
= (X —ipX)(D)§ + b([X, §] —ip([X, &D)
e T'Ma T M.

As usual ¢ denotes the flow of X. We have:
dys(ag + X —i¢X) = adys(§) + ds(X) —id s (@ X)
= ab& +dys(X) —i(p(dysX) +b'E)

= (ab —ib"§ + dyy(X) — ip(d Yy X)
e T'MaT"OM. O

Remark 4.1. Note that in Proposition 3.5, we have proved that 7'M @7 (-9 M admits, locally, frames of holomorphic
sections.
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The proof of the following proposition is an easy computation and we shall omit it:

Proposition 4.4. On a Sasaki manifold we always have:

() VgZ e T°"M @ TOOM, YW, Z € TO M.
(ii) Ve Z e TIOM VZ € T1O M,
(iii) Vipag e T°M @ TOV M, vW € T1O M.

In addition, Z € TYO M is a complex holomorphic field if and only if:
ViZ e T'M, YW e T"OM and ViZ = -iZ.

Remark 4.2. The contact (complex) holomorphicity, which we deal with, is more general than the one introduced
by Tanaka in [15]. One can verify that a contact complex holomorphic field from 719 M is holomorphic also in
Tanaka’s sense if, in addition, it preserves the contact distribution, or, equivalently, if ¢ is invariant along its flow
(i.e. Lx¢ = 0). This is a rather strong restriction (generally not satisfied in our context).

5. Holomorphic foliations on a Sasaki manifold

Again by analogy with the Kéhler case (treated in [14]), in the following we shall stress some properties of
the holomorphic distributions. For the sake of completeness we recall the notion of mixed sectional curvature of
a Riemannian manifold M endowed with two complementary distributions V and H:

Smix = Z KM(ei A fa)
i,

where {e¢;}, { fy} are local orthonormal frames for } and H.

Proposition 5.1. On a Sasaki manifold (M*"*', ¢, &, 0, g), an invariant holomorphic distribution V of dimension
2p + 1 has the following properties (as usual, H = V*):

(i) V(VpzX + Vz$X) =0,YZ € I['(TM), X € I'(H).

(i) ¢BH(X,Y) + g(X, V) = 31T (X, ¢Y), VX, Y € ['(H).
(i) |B7 + 20 — p) = 311"

(iv) trace BY = 0 (V is a minimal distribution).

Proof. (i) Because M is Sasakian, we have: (Vy¢)Z = g(V, Z)¢§ — n(Z)V. So, for any section X of H and V of
V, the following relation holds: g (X, (Vy¢)Z) = 0, also because & € I'(V), by Proposition 2.1. Taking this into
account, together with the holomorphicity hypothesis, we derive the relation (i) using Proposition 2.2.

(ii) Using (i), we have:

1 1 1
g <§1H(X, PY), V) g (E(VXd)Y — Vgy X), V) =g <§(VX¢Y + Vy¢X), V>

1
78(@VxY + (X, V)§ —n(V)X + ¢Vy X +g(¥, X)§ —n(X)Y. V)

1
= Eg(fb(VxY + VyrX) +28(X, Y)§ —n(¥)X —n(X)Y, V)

g (9B™X. 1), V) +8(X, V)g(6. V).

The last equality completes the proof because all the terms in the relation (ii) are sections of V and V € V was
arbitrary.

(iii) This formula involving the Hilbert—Schmidt norms of B* and 177 is a straight consequence of (ii) if we point
out that:

n(BM(X,Y)) = g(BM(X,Y),&) = —%(Egg)(X, Y) = 0, because £ is a Killing vector field in the Sasakian
context.
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This assures that |pB7{(X, Y)| = | BT (X, V).

In order to compute |17%|2, it is worth noticing that £ € I'()V) implies H < D. So, for a local frame of H of the
type {e;, pe;}, we shall have: ¢2e; = —e;.

(iv) The relation (2.3) can be rewritten as follows:

2 (BV(U, oV) —¢pBY (U, V)) =—[(Lyp)VI™E, VYU,V el V).

For a (contact-)holomorphic field U, we get: BY(U,¢V) = ¢BY(U,V), which implies immediately
BY(U,¢V) = BV(@U, V).

Using also that [U, €] is collinear with £ when U is holomorphic (so / Y(,&) =0), again from Proposition 2.3
we obtain:

BY(U,V)+ BY(¢U,$pV) =0, VU,V € hol(M).
Therefore, in a local frame of holomorphic vector fields, we will have:

trace BY = Vg& + Z'H [Veiei + Voe,pei] =0. O
i

Proposition 5.2. Under the same hypothesis as above, the Walczak formula (see [19]) simplifies to:
1
divVtrace B™ +2(n — p) + Z|1V|2 = smix + |BY|%. 5.1

Proof. Recall that, for an arbitrary Riemannian manifold (M, g) with two orthogonal complementary distributions V
and H, the Walczak formula asserts:

divYtrace BM + div*trace BY + iu”ﬁ + }L|1V|2 = smix + |BTU2 + |BY |2
Now, applying (iii) and (iv) from Proposition 5.1, the result follows.
Remark 5.1. When V is integrable, Eq. (5.1) reduces to:
divVtrace B" +2(n — p) = smix + |BY % (5.2)
Integrating (5.2) along any compact leaf, we get the following:

Theorem 5.1 (Bochner-type Result). Let (M*"T', ¢, &, 1, g) be a Sasaki manifold with a 2p + 1)-dimensional
holomorphic foliation such that smix > 2(n — p). Then symix = 2(n — p) along every compact leaf and every compact

leaf'is a totally geodesic submanifold of M. In particular, if smix > 2(n — p), then V cannot have compact leaves.

Corollary 5.1. Let (M2”+1, ¢, &,n, g) be a compact Sasaki manifold with the sectional curvature k > 2m (m < n).
Then every (¢, J)-holomorphic submersion from M into any Hermitian manifold N*™ has totally geodesic fibers.

Other results such as Propositions 3.8 and 3.9 in [14], dealing with holomorphic conformal foliations, can also be
restated, now in a obvious way, for the Sasakian case.

It is worth noticing that the (¢, J)-holomorphic submersions on Sasaki manifolds into a Kéhler manifold are in
fact a special class of pseudo-harmonic morphisms, with very nice geometric properties, cf. [1].

Proposition 5.3. Let (M?"*!, ¢, &, n, g) be a Sasaki manifold. Then every (¢, J)-holomorphic submersion r, from
M onto a Kihler manifold (N*", J, gn), is a pseudo-horizontally homothetic (PHH) harmonic morphism.

In particular, it has minimal fibers and the inverse images of complex submanifolds in N are invariant, and so
minimal, submanifolds of M. If in addition m = n, then the horizontal distribution (of the submersion ), H, coincides
with the contact distribution on M (in particular H cannot be integrable).
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Proof. The harmonicity of such submersions has been remarked already in [8]. Then we have to verify the PHWC
condition (Pseudo-Horizontal Weak Conformality) and the PHH one.

The first condition simply means that the induced almost complex structure on the horizontal bundle (defined by
Ju=d w_l o J o dy) is compatible with the metric g. That is indeed the case, because H C D (due to & € I'(V))
and Jy coincides with ¢ restricted to H (due to the (¢, J)-holomorphicity of /).

The second (PHH) condition means that J3, is parallel in horizontal directions with respect to V*, so it satisfies a
partial Kdhler condition. To see this we have to particularize the formula (1.2) for X, Y € I'(H) C I'(D) and to take
the H-part of both sides of the relation. [
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